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Refinement of the Nonplanar Aspects of the
Subsonic Doublet-Lattice Lifting Surface Method

W. P. RoppEN,* J. P. GIESING,T AND T. P. KALMAN]
Douglas Aircraft Company, McDonnell Douglas Corporation, Long Beach, Calif.

The initial formulation of the Doublet-Lattice Method has proven theoretically accurate for calculating the
interference effects on arbitrary classes of oscillating nonplanar configurations with one known exception:

nearly coplanar wing/horizontal-tail combinations.

For this class of problems the integration of the kernel

across the element loses accuracy. The reason for this loss of accuracy is explained, and a refined method for
performing the required integration is presented. Numerical studies using wing-tail configurations are presented
to illustrate how well the refined method works. Also a T-tail calculation is repeated to show that calculations
using other configurations are unaffected by the refinement.

Nomenclature

A, B, C = coeflicients in parabolic approximations to kernel
numerators; subscripts 1 and 2 refer to planar and
nonplanar parts of kernel, respectively

b, = reference semichord

Cr = total lift coefficient

C = rolling moment coefficient; C’;  is the rolling moment
due to yaw of the horizontal stabilizer of Ref. 11 and Fig. 6

¢ = reference chord length

D, = normalwash factor; Dy,; is steady normalwash factor;

Di,s and D,,s are incremental oscillatory, planar, and
nonplanar normalwash factors, respectively; Dp,s is
value of Dy, for 2=0

e = box semiwidth

F =integral in Eq (17); Fp is Mangler principal part for
planar case

Iy = integral defined in Eq. (8)

K = kernel function; K; and K, are factors in numerators of
planar and nonplanar parts of kernel, respectively

@(x) = modified Bessel function of argument x

k, = reference reduced frequency, k, = wb,/U

M = Mach number

N = number of lifting surfaces

P(7) = parabolic approximation to kernel numerator; P; and

P, are approximations for planar and nonplanar numera-
tors, respectively

2 = cylindrical radius from sending doublet

Sa = area of nth lifting surface

S.P.( ) = denotes singular part of ( )

s = semispan

T = direction cosine function; T, and T, are functions for

planar and nonplanar parts of kernel, respectively, and
T,* is modified value of 7

U = freestream velocity

uy = parameter defined in Eq. (9)
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Xo, ¥, Z = Cartesian coordinate system transformed to midpoint of
sending line and aligned with plane of sending box; 7 is
also vertical gap between near-coplanar parallel surfaces

€ = parameter defined in Eq. (31)

v = dihedral angle; y, snd v, are dihedral angles of receiving
and sending boxes, respectively, and ¥, =y, —y; is the
relative dihedral angle between receiving and sending
boxes

Xs = centerline chord of sending box

= spanwise coordinate, in the plane of an element

= phase angle

sweepback angle of sending box %-chord line

yaw angle

= circular frequency

g

g &2
I

Introduction

HE Doublet-Lattice Method (DLM)* is a finite-element

method for the solution of the oscillatory subsonic
pressure-normalwash integral equation for multiple interfering
surfaces

W) =130 Y. [| Kutssompeortss

where w is the complex amplitude of dimensionless normal-
wash, p is the complex amplitude of lifting pressure coefficient,
(x,s) are orthogonal coordinates on the nth surface S, such
that the undisturbed stream is parallel to the x axis, and K is
the complex acceleration potential kernel for oscillatory
subsonic flow. The kernel has been given by Rodemich? and
Landahl?® in the form

K= CXp(—ino/U)(K1T1 + Ksz)/rz (2)

where w is the frequency, x, is the distance between the send-
ing and receiving points parallel to the freestream, U is the
velocity of the freestream

T, = COS('}/r _'}}s) X (3)
T> = (1/r?)(zo cOSY, — Yo Siny,)(Zo COSYs — Yo sinys)  (4)
r=(yo?+ 2092 &)

yo and z, are the Cartesian distances between the sending and
receiving points perpendicular to the freestream, and y, and
ys are the dihedral angles at the receiving and sending points,
respectively. The coordinate system is illustrated in Fig. 1.
We find it convenient to refer to K; and K, as the planar and
nonplanar parts of the kernel numerator, respectively,
although both are obviously nonplanar in general. Then, the
so-called planar and nonplanar parts are given by 3

Ky = r(alo/or) (6)
K> =r*(8/on)[(1/r)0lo/or] @)
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Fig.1 Lifting surface coordinate system.

where the integral I is
“ exp(—iwru/U)
L=, Sa T ®

in which
ur ={Mlxo® + (1 — M*)r*1"'*> — xo}/(1 — M*)r )

and M is the Mach number. Expanded forms of K; and K,
for computation are given by Landahl,? although their signs
should be reversed.

The original method for determining the influence of an
oscillating lifting surface element at a point was based on the
assumption that the lifting pressure could be concentrated
along a line. The line is located at the i-chord line of the
element and the elements are formed by division of the
surface(s) into small trapezoidal panels (boxes) arranged in
strips parallel to the freestream and with surface edges, fold
lines, and hinge lines located on box boundaries as in Fig. 2.
The lifting load line is represented by a horseshoe vortex for
its steady effects and a line of doublets for its incremental
oscillatory effects. The surface boundary condition is a
prescribed normalwash at the control point of each box which
is located at the §-chord point along the centerline of each
box. The numerical form of the integral equation, Eq. (1), in
matrix notation becomes

{w} = [DXp} (10)

where the elements of the normalwash factor matrix [D] are
D,y = (Ax,/8m) J K di an

where Ax, is the centerline chord of the sending box and e is
its semi width, and the streamwise integration of the kernel
has been performed by concentrating the lifting pressure at

BOUND VORTEX AND
“ LINE OF DOUBLETS

DOWNWASH
COLLOCATION POINT

TRAILING
VORTICES

Fig. 2 Idealization of the lifting surface using trapezoidal boxes.
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the %-chord load line. The spanwise integration was per-
formed analytically by approximating the numerator of the
kernel by a parabola

K=~ P(H)/r? (12)

where P(7) is the parabolic function of % determined by
evaluating the numerator at the middle and both ends of the
lifting line and fitting the second-degree curve through these
points.

The initial formulation of the DLM has been found to be
theoretically accurate for calculating interference effects on
arbitrary nonplanar configurations* with one known ex-
ception: a near-coplanar wing/horizontal-tail combination.
This configuration was tested for its flutter characteristics at
the Cornell Aeronautical Lab. and analyzed by Balcerak,>
Albano et al.,® and Giesing et al.” The configurationisshown
in Fig. 3 along with results® from the original formulation of
the DLM and the present refinement. The total lift coefficient
(wing plus tail) is shown (based on total area of both surfaces)
for plunging motion with areduced frequency k, = wb,/U = 0.6
where b, =0.41856s and at a Mach number M =0.7. It is
seen that the original algorithm starts to lose accuracy when
the vertical gap-to-chord ratio is approximately 0.1, which is
the width of the inboard eight strips. The reasons for the
failure of the original DLM are discussed in the following
sections. '

Refinement

The basic difficulty with the original approach, in the near-
coplanar case, can be explained by considering the down-
stream character of the kernel for small ».  'When such a limit
is taken, the numerator of the kernel approaches

P() — {2 cosy, — 4(2/r)* cosy, + 4[2(3 — 7)/r*Isiny,} x
exp(—iwxo/U) (13)

where element coordinates (indicated by a bar over the
quantities) are used having their origin located on the sending
element and rotated into the plane of the element as shown in
Fig. 1. The numerator is a well behaved function of 7 except
when Z approaches zero when y = 0. Figure 4 presents plots
of 22/r* and z7/r? vs 7 for various values of Z. It is seen that
the variation of these functions with 7 becomes progressively
larger as Z approaches zero. For sufficiently small z, a
parabola cannot approximate accurately a linear combination
of the two functions shown in Fig. 4 and the method fails. It
should be noted, however, that the method is again valid for
the planar case. It is therefore necessary to treat the planar
and nonplanar parts of the kernel separately. We rewrite the
expressions of Rodemich? and Landahl?® for the kernel as

K = (K T:/r* + K. T2 *r*)exp(—iwxo/U) (14)

a.0r ,\ REFINED METHOD
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Fig.3 Variation of total lift coefficient with vertical distance between
wing and tail for plunging motion.
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1.0 The planar downwash factor then becomes
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Fig. 4 Variation of the nonplanar part of the kernel across an element
in the spanwise direction.

where
2* =Tor? (153.)

= z* cosy, — ZJ siny, (15b)

The evaluation of the normalwash factor, Eq. (11) in element
coordinates gives

D.. = (Ax./87) f (K Tofr? + K> To*r?) x

exp[—iw(xo — 7 tanAy)/Uldy (16)

where
r2=F-9*+z (17
and A, is the sweep angle of the }-chord line of the sending box.
The downwash factor is evaluated as before! by adding and
subtracting the steady values of X, and KX, denoted by K;, and

K»o, respectively, to their oscillatory counterparts. Then,
Eq. (16) becomes

DrszDOrs+D1rs+D2rs (18)
where
. AXS € K10T1 KZOTZ* o
Dars =5 f { ot —r—} i (19)
Do — %ﬁ J& {K; exp[—iw(xo — 'r_)ztan/\s)/U] — Kio}T: d7
T J_, r
(20)
Ax, ° {K, exp[—iw(xo — 7 tanA,)/ U] — K;0}To* ,_
D2rs: .§7—T— f r4 d’l)

@n

Equation (19) is the steady downwash factor and is more

conveniently derived from horseshoe vortex considerations

than by evaluating the integral. The steady downwash

factor has been given by Hedman.® We may evaluate the

incremental oscillatory downwash factors [Egs. (20) and (21)]

in closed form by again approximating the numerators as
parabolas. We rewrite Eq. (20) as

I R GV

1rs 877' . (}7 —ﬁ)z + 2_2

where P, (7}) is the parabolic approximation

Pi(7) = 4172 + By + Cy (23a)

~ {K: exp[—iw(% — 7 tan))/U] — K1o}T:  (23b)

If we denote the inboard, center, and outboard values of
Pi(9) by Pi(—e), P1(0) and P,(e), respectively, the parabolic
coefficients are

Ay = [Pi(—e) — 2P1(0) + Py(e)]/2¢* 24
B; =[Pi(e) — Pi(—e)}/2e (25)
C,=Pi(0) (26)

@2

The term F may be rewritten as follows:
2e z2 T
=& —— |1 —e|= 8y —
where
6,=1,06,=0, for p*+:2—e2>0 (302)
8, =0,8,=1%, for J,+:*—e>=0 (30b)
8;=1,6,=1, for 2+32—e2<0 (30¢)
in order to place the arctangent in the correct quadrant, and
e? e At A 2e|z]
— 1 1
'|2[ P e G

|z
and when |2ez/(p> + 2% —e?)| < 0.3, the series expansion
B 4e* L (=1 2ez
(- S n— 1\ e

has been used. It is seen immediately, for the cases j? + z%e2
<0, that F becomes singular like =/|Z| and =/2|Z|, re-
spectively. However, it will be shown that a similar contribu-
tion (of opposite sign) arises from the nonplanar part which
exactly cancels this singular term. Thus, the usual practice
for planar cases (Z = 0) is to evaluate the Mangler*® principal
part of F where these two singularities are cancelled analyti-
cally. The Mangler principal part is:

Foe ¢ di { 1 1 ; 32)

£ =

&

2) " Gib)

G=* |\y—e y+te
The incremental nonplanar oscillatory downwash factor is
evaluated by rewriting Eq. (21) as

- f _ Pa()dy
8w J_ [(F—mn)*+ 2°)
where P,(n) is another parabolic approximation
Py(7) = A7 + Baij + C (34a)
~ {K; exp[—iw(X — 7 tani,)/ U] — Ko} T2*  (34b)

Letting P.(—e), P»(0), and P,(e) denote the inboard, center,
and outboard values of P.(#), respectively, we have

(33

Az = [P2(—e) — 2P2(0) + Pa(e)]/2¢? (3%
B, = [Pa(e) — P:(—e)])2e (36)
C2 = P1(0) 37

The nonplanar downwash factor is then evaluated to be

Ax, i
Dy = s {[(y‘z T 24, - Byt CoIF -
1672

1 S2 ) s2\p )
Grerrz ([(y + 295 4 (32 — 29)eld, +

F*+ 2> +ye)B. + (F+ e)Cz) -

1 52 0 E2\D . (B2 — 52
G’ 2 ([(y + 23y — (7% — 2%eld, +
%
(72 +2*—ye)B, + (F — C)Cz)} (38)
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Equation (38) tends to lose significance for small values of Z.
Introducing ¢ into Eq. (38) leads to

Do Ax,e 2(p% + 22+ e*)(e*d, + C,) + 47e2B.,
U8n(r+ 2 —e)| G+ e+ UG — e)? + 22]
) A
- (—f{—) (7% + 245 + 7B, + 02]} 39)

where

Nl

L I

The simplification of Eq. (38) via Eq. (29) is somewhat
tedious but results in the more accurate form in which e is
given by Eq. (31). Equations (39) and (40) are used in general
except when |52 + 72 — e2)/2ez| < 0.1 in which case Eq. (38)
is used.

When 752+ 22 — 2 >0, 06, =1 and 3, =0 and, therefore,
A =0. In this case no singularities arise in either D, or
D,,. as Z approaches zero. However, when the receiving
point lies in the wake region of the sending element, (i.e., when
J* + 22 — e* < 0) then both Dy,sand D,,scontain singularities.
One of the basic requirements of the Doublet-Lattice Method
is that streamwise strip edges must be aligned for all surfaces in
the same or nearly the same plane. Thus, if a receiving
point is in the wake of a sending element, it must be centered
in that wake, and, therefore, # =0. Under these circum-
stances, the limiting values of C, and C, are

C, —2[exp(—iwxo/U) — 1] 41)
Cy — —472[exp(—iwxo/U) ~1] (42)

from which
C,—~ —2C,z? 43)

The singular parts of D, and D,,, are [referring to Eqgs. (27)
and (38)]

S.PAD1ys) = (Ax./8m)(m/ | Z])Cy (44
S.P.(Dzrs) = (Ax,[8m)(m/| 2| )(C2/22%) 45)

When Eq. (43) is placed into Eq. (45) the singular parts of
D;,s and D,,, cancel out. However, the cancellation of these
singularities numerically will lead to difficulties for sufficiently
small values of z. The point at which inaccuracies occur
depends on the number of significant figures carried in the
computation. If eight significant figures are carried, then no
difficulties have been observed down to Z/e = 0.001. At this
point, the problem may be assumed to be planar. Figure
5a shows that the nonplanar part proceeds smoothly to zero as
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Fig. 5 Comparison of analytic and calculated results for the non-
planar part of the downwash factor.
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|Z]/e approaches zero. It is of interest to ascertain the
accuracy of this approach to zero. Figures 5a and 5b present
two example calculations for a receiving or collocation point
lying in the wake of a sending element. The separation
distance between the two is large enough to allow a simplified
version of the kernel to be employed for the analytic calcula-
tion. Specifically

Pi(7) =2(wr/ U)K 1 (wr/ U)exp{—iwxo/U) — 2 (46)
Po(7) = —2(wr{U)*R,(wr/U)exp(—iwxo/U)+ 4 (47)

where ®; and §. are modified Bessel functions of first and
second order. Evaluating 4,, Ci, A,, and C, from Egs.
(24-26) and Eqgs. (35-37) (note that B, =B, =0 since # =0
and A, =0) while using the above simplified expressions for
Pi(9) and P(3) gives the analytic and calculated nonplanar
parts of the downwash factors normalized by the planar
downwash factor. Figure 5b covers the range of Z/e up to 1.0,
while Fig. 5a presents the details of the curve (k, = wb,/U ==
7/2) near Z/e of zero.

These curves illustrate several interesting points. First,
note that the curves are relatively insensitive to the reduced
frequency k,. Expansion of the nonplanar part of the
downwash factor shows that the dominant term is dependent
on k. only through the term exp(—ik.xo/b,)

Ax, 4(3/e)?

Dys— Dpps = 3 1_-172'—/5)—5

exp(—ikyxo/by) (48)

The term Dy, is proportional to exp(—ik.xo/b,) so (D,;—
Dy.s)/ Dp,s has very little variation with k,. The logarithmic
terms inherent in the modified Bessel functions &, and &, do
not contribute significantly. Thus, in an attempt to bring
out the unsteady terms, an example was undertaken using an
extremely large value of reduced frequency, k,=8.7554.§
At this frequency unsteady effects are expressed by the slight
dipping of the curve below the abscissa. A second interesting
feature of these comparisons is that the calculated results
using the Doublet-Lattice Method do not show these slight
dips in the curves. The reason for this is that the approxi-
mating functions used for the kernel in the DLM do not
have the exact limiting behavior, for small values of Z as do
the Bessel functions. The approximating function is made up
of a series of exponential terms. This function fits the Bessel
function well but ultimately has an exponential character
for small z. This peculiarity does not present a practical
difficulty. For example at the reasonable value of reduced
frequency of /2, the maximum error is approximately 0.045
percent of the planar contribution (see Fig. 5a).

A further application of the refined algorithm is to the T-tail
oscillating in yaw tested at low-speed by Clevenson and
Leadbetter.!* The magnitude |C’,,] and phase angle
¢’1,y of the rolling moment of the horizontal stabilizer was
presented in Ref. 1 using the original algorithm. The
calculations took the ground effect of the wind-tunnel floor
into account simply by doubling the height of the fin. Forty
boxes were placed on the fin and its reflection (5 chordwise
on 8 spanwise strips) and 40 boxes were placed on the hori-
zontal stabilizer semispan (also S chordwise on 8 spanwise
strips). The experimental data and the calculations for
M =0 of Ref. 1 are reproduced in Fig. 6. A later study,
using the original algorithm,® investigated the convergence by
using 50 boxes on the fin (5 chordwise on 10 spanwise strips)
and 50 boxes on the stabilizer (also 5 chordwise on 10 strips)
as shown in Fig. 6. Also, the ground effect was accounted for
by reflecting the complete configuration. The effect of Mach
number (up to M =0.50) was included in the calculations.
The results of Ref. 8 showed the solution of Ref. 1 to have
converged, and that the ground effect of the horizontal

§ This value of k, results in the downwash being 90° out-of-phase
with the bound vortex, i.e., exp(—iwxo/U) = i.
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Fig. 6 Rolling moment coefficient of horizontal stabilizer for
simplified T-tail oscillating in yaw about fin mid-chord.

stabilizer and Mach number effect are negligible at the reduced
frequencies (0.09 < k, < 0.56) tested. It was not anticipated
that the refined algorithm would result in any substantial
change since the effect of the refinement should be limited
to the region of the fin-stabilizer intersection. The new
results for 100 boxes are also shown in Fig. 6 for a complete
reflection and an average Mach number of the wind-tunnel
test of M =0.3. The new results show no significant change
other than an improved convergence.
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